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1. Introduction
Freely decomposable and strongly freely decomposable maps were introduced by G.R. Gordh and C.B. Hughes in [6] as
a generalization of monotone maps with the property that they preserve local connectedness in inverse limits. Strongly
decomposable maps were studied by J.J. Charatonik under a different name, namely, feebly monotone maps [2].
In this paper, we investigate further freely decomposable and strongly freely decomposable maps and their relation with
other types of maps. The paper is divided in ﬁve sections. After the introduction and deﬁnitions, in Section 3 we give results
that we use later. In Section 4, we present our main results, for example, we prove that if a strongly freely decomposable
map f is deﬁned onto a continuum admitting an atomic map onto [0,1], then f is weakly monotone (Theorem 4.7);
if a freely decomposable map is deﬁned on a unicoherent continuum onto a continuum admitting an atomic map onto
[0,1], then f is almost monotone (Theorem 4.10); and if f is a freely decomposable and weakly monotone map, then f
is strongly freely decomposable (Theorem 4.12). In Section 5, we investigate hereditarily freely decomposable maps and
we prove, for example, that hereditarily freely decomposable maps deﬁned onto locally connected and onto hereditarily
decomposable continua are monotone (Theorems 5.2 and 5.4, respectively).
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If (Z ,d) is a metric space, then given A ⊂ Z and ε > 0, the open ball about A of radius ε is denoted by Vdε (A), the
interior of A is denoted by IntZ (A), and the closure of A is denoted by ClZ (A). Z \ A denotes the complement of A in Z .
A metric space Z has property (b) if every map from Z into S1, where S1 is the unit circle in the plane, is homotopic to
a constant map. A metric space Z is unicoherent provided that if A and B are closed connected subsets of Z and Z = A ∪ B ,
then A ∩ B is connected.
A continuum is a compact connected metric space. A subcontinuum Y of a continuum X is terminal provided that for
each subcontinuum K of X such that K ∩ Y = ∅, we have that either K ⊂ Y or Y ⊂ K .
A continuum X is a triod if there exists a subcontinuum M of X such that X \ M = U1 ∪ U2 ∪ U3, where each U j = ∅,
j ∈ {1,2,3}, and ClX (U j) ∩ U = ∅, j,  ∈ {1,2,3} and j = . A continuum X is a θ1-continuum, provided that X \ A is
connected for each subcontinuum A of X . Also, a continuum X is a θ◦1 -continuum, provided that X \ A is connected for each
subcontinuum with nonempty interior A of X . Clearly, each θ1-continuum is a θ◦1 -continuum. It is not diﬃcult to show that
the continuum X , deﬁned in [9, 2.4.9], is a θ◦1 -continuum such that X is not a θ1-continuum. A continuum X is arc-like
(circle-like) provided that for each ε > 0, there exists a map f : X → [0,1] ( f : X → S1) such that diam( f −1(t)) < ε for
every t ∈ [0,1] (diam( f −1(z)) < ε for every z ∈ S1). A circle-like continuum that is not arc-like is called a proper circle-like
continuum.
A continuum X is irreducible if there exist two points x1 and x2 of X such that if Y is a proper subcontinuum of X ,
then either {x1, x2} ∩ Y = ∅ or {x1, x2} ∩ Y = ∅ and {x1, x2} ∩ (X \ Y ) = ∅. An irreducible continuum X is of type λ if every
indecomposable subcontinuum of X has empty interior. By [12, Theorem 10, p. 15], a continuum X is of type λ if and only
if admits a ﬁnest monotone upper semicontinuous decomposition G such that each element of G is nowhere dense and the
quotient space, X/G , is an arc. Each element of G is called a layer of X . A continuum X of type λ for which G is continuous,
is a continuously irreducible continuum.
Let f : X → Y be a map between continua, we say that f is:
• Almost monotone if f −1(Q ) is connected for each subcontinuum with nonempty interior Q of Y .
• Atomic provided that for each subcontinuum K of X such that f (K ) is nondegenerate, we have that K = f −1( f (K )).
• Conﬂuent provided that for each subcontinuum Q of Y , if D is a component of f −1(Q ), then f (D) = Q .
• Freely decomposable if whenever A and B are proper subcontinua of Y such that Y = A ∪ B , then there exist two proper
subcontinua A′ and B ′ of X , such that X = A′ ∪ B ′ , A′ ⊂ f −1(A) and B ′ ⊂ f −1(B).
• Monotone provided that f −1(Q ) is connected, for each subcontinuum Q of Y .
• Quasi-monotone if for each subcontinuum with nonempty interior Q of Y , f −1(Q ) has a ﬁnite number of components
and if D is a component of f −1(Q ), then f (D) = Q .
• Strongly freely decomposable provided that whenever A and B are proper subcontinua of Y such that Y = A∪ B , it follows
that f −1(A) and f −1(B) are connected.1
• Weakly monotone provided for each subcontinuum Q of Y with nonempty interior, if D is a component of f −1(Q ), then
f (D) = Q .
Clearly, each monotone map is almost monotone. Moreover, if M = ClR2 ({(x, sin( 1x )) | 0< x 1}) and Y = X/{(0,1), (0,−1)},
then the quotient map q : X → Y is an almost monotone map and q is not monotone. M is known as the topologist sine
curve.
Observe that if f is strongly freely decomposable, then f is freely decomposable. Furthermore, it is not diﬃcult to
show that every almost monotone map is a strongly freely decomposable map. In [6, p. 139], it is shown that if K is a
nonconnected compactum, then the map f : Sus(K ) → [−1,1], where Sus(K ) is the topological suspension of K , deﬁned
by f (k, t) = t is strongly freely decomposable and f is not almost monotone.
The following is Example 2 of [6].
Example 2.1. There exists a freely decomposable map f such that f is not strongly freely decomposable map. To see this,
let K = {x ∈ [−1,1] | x = ±1, or x = ±n/(n + 1), for some n ∈ N} and let X = Cone(K ). Deﬁne Y = X/{(−1,0), (1,0)} and
let f : X → Y be the quotient map. Note that f satisﬁes the above statement.
Remark 2.2. Observe that if Y is an indecomposable continuum and f is a map onto Y , then f is almost monotone. Hence,
f is strongly freely decomposable, freely decomposable, quasi-monotone and weakly monotone.
Note that if f is either conﬂuent or quasi-monotone, then f is weakly monotone. Table I comprises all possible inclusions
between the classes of maps on continua, which are considered here. In the following table an arrow means inclusion; i.e.,
the class of maps above is contained in the class of maps below.
1 Strongly freely decomposable maps are also known as feebly monotone maps in the literature.
J. Camargo, S. Macías / Topology and its Applications 159 (2012) 891–899 893Table I
Conﬂuent
Monotone
Quasi-monotone
Weakly monotone
Almost monotone
Strongly freely decomposable
Freely decomposable
Let A be a class of maps between continua. We say that a map f : X → Y is hereditarily A if the restriction of f to
every subcontinuum of X belongs to A.
3. Preliminaries
We begin presenting a simpler proof of [1, Theorem 4]. We state it using our terminology.
Theorem 3.1. Each proper circle-like continuum is a θ1-continuum.
Proof. Suppose there exists a subcontinuum A of X such that X \ A is not connected. Then there exist two nonempty
disjoint open subsets V and W of X such that X \ A = V ∪ W . Then A ∪ V and A ∪ W are subcontinua of X [9, 1.7.18].
In fact, A ∪ V and A ∪ W are arc-like [9, 2.1.43]. Hence, both A ∪ V and A ∪ W have property (b) [11, 12.47]. Thus,
X = (A ∪ V )∪ (A ∪ W ) also has property (b) [4, (5), p. 64]. A contradiction, because, by [7, 3.2], there exists ε > 0 such that
every ε-map of X into S1 is essential. 
As a consequence of the proof of Theorem 3.1, we obtain:
Corollary 3.2. If X is a decomposable proper circle-like continuum, then X is not unicoherent.
Theorem 3.3. Each circle-like continuum is a θ◦1 -continuum.
Proof. Let X be a circle-like continuum. If X is a proper circle-like continuum, then X is a θ1-continuum. Thus, X is a
θ◦1 -continuum. Assume that X is also an arc-like continuum. Then X is either indecomposable or X = Z1 ∪ Z2, where
Z1 and Z2 are indecomposable continua [1, Theorem 7]. If X is indecomposable, then X is a θ◦1 -continuum. Assume that
X = Z1 ∪ Z2, where Z1 and Z2 are indecomposable continua. Observe that Z1 ∩ Z2 is connected, since X is an arc-like
continuum and arc-like continua are hereditarily unicoherent [9, 2.1.28]. Since Z1 ∩ Z2 is a proper subcontinuum of Z1 and
Z2, IntX (Z1 ∩ Z2) = ∅ [9, 1.7.21]. Hence, if Y is a subcontinuum of X such that IntX (Y ) = ∅, then either Z1 ⊂ Y or Z2 ⊂ Y .
Also, Z1 ∩ Y and Z2 ∩ Y are both connected. Since the complement of a subcontinuum of an indecomposable continuum is
connected [8, Theorem 1, p. 207], we have that X \ Y is connected for each subcontinuum Y of X such that IntX (Y ) = ∅.
Therefore, X is a θ◦1 -continuum. 
Observe that the continuum deﬁned in [9, 2.4.9] is an arc-like and a circle-like continuum [9, 2.5.6].
Corollary 3.4. Let f : X → Y be an onto map between continua, where Y is locally connected. If f −1(y) is not connected, for some
y ∈ Y , then there exists a connected open subset W of Y such that y ∈ W , Y \ W has ﬁnitely many components and such that if K is
a subcontinuum of X and f −1(W ) ⊂ K , then ClY (W )  f (K ).
Proof. Let x1 and x2 be two points in distinct components of f −1(y). Then there exists an open subset U of Y such
that y ∈ U and the points x1 and x2 belong to different components of f −1(U ). Let ε > 0 be such that ClY (Vε(y)) ⊂ U .
By [13, (13.21), p. 20], there exists a connected open subset W of Y such that y ∈ W ⊂ Vε(y) and Y \ W has ﬁnitely
many components. Note that x1 and x2 belong to distinct components of f −1(W ). Let K be a subcontinuum of X such
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ClY (W ) ⊂ f (K ) and ClY (W ) = f (K ). 
4. General relations
We start with a theorem giving a suﬃcient condition for an almost monotone map to be monotone.
Theorem 4.1. Let f : X → Y be a map between continua, where Y is locally connected. If f is almost monotone, then f is monotone.
Proof. Let f : X → Y be a map. Suppose that f is not monotone. Then there exists a subcontinuum Q of Y such that
f −1(Q ) is not connected. Let D and E be two different components of f −1(Q ). Since Y is locally connected, it is not
diﬃcult to show that there exists a subcontinuum K of Y such that Q ⊂ IntY (K ) and D and E are contained in different
components of f −1(K ). Therefore, f −1(K ) is not connected and f is not almost monotone. 
Theorem 4.2. Let f : X → Y be a strongly freely decomposable map between continua. If X is unicoherent, then f is almost monotone.
Proof. Let D be a subcontinuum of Y such that IntY (D) = ∅. We show that f −1(D) is connected. If Y \ D is connected, then
Y = D ∪ ClY (Y \ D), where D and ClY (Y \ D) are proper subcontinua of Y . Since f is strongly freely decomposable, f −1(D)
is connected. Next, assume that Y \ D is not connected. Then Y \ D = E ∪ F , where E and F are disjoint open sets. Note that
D ∪ E and D ∪ F are proper subcontinua of Y [9, 1.7.18]. Clearly, Y = (D ∪ E) ∪ (D ∪ F ). Hence, f −1(D ∪ E) and f −1(D ∪ F )
are connected. Observe that X = f −1(D ∪ E) ∪ f −1(D ∪ F ) and f −1(D) = f −1(D ∪ E) ∩ f −1(D ∪ F ). Since X is unicoherent,
f −1(D) is connected. Therefore, f is almost monotone. 
Theorem 4.2 shows that if a strongly freely decomposable map is deﬁned on a unicoherent continuum, then f is almost
monotone. The following example shows that Theorem 4.2 is not true for freely decomposable maps.
Example 4.3. Let X be the irreducible V -Λ continuum deﬁned on [8, p. 191]. Let V one of the V’s of X and let p and q the
end points of V . Let Y = X/{p,q} and let q : X → Y be the quotient map. Clearly, q is freely decomposable, X is unicoherent
and q is not almost monotone.
Theorem 4.4. Let f : X → Y be a strongly freely decomposable map between continua. If Y is a θ◦1 -continuum, then f is an almost
monotone map.
Proof. Let Q be a subcontinuum with nonempty interior in Y . Since Y is a θ◦1 -continuum, Y \ Q is connected. Hence,
Y = Q ∪ ClY (Y \ Q ), where both Q and ClY (Y \ Q ) are proper subcontinua of Y . Therefore, f −1(Q ) is connected and f is
almost monotone. 
As a consequence of Theorems 3.3 and 4.4, we obtain:
Corollary 4.5. Let f : X → Y be a strongly freely decomposable map between continua. If Y is a circle-like continuum, then f is almost
monotone.
Example 4.6. There exists a freely decomposable map f deﬁned onto a circle-like continuum such that f is not almost
monotone. To see this, let K1 be the Knaster continuum with two end points [8, p. 205]. Let K2 be homeomorphic to
K1 and having one endpoint in common with K1. Let X = K1 ∪ K2 and let Y be the quotient space obtained from X by
identifying the two end points of X . Note that Y is circle-like, the quotient map f : X → Y is freely decomposable, and f is
not almost monotone.
In Theorem 5 of [6] it is shown that if f is a freely decomposable map onto an arc, then f is conﬂuent. In the next theo-
rem, we replace the arc by a continuum admitting an atomic map to the arc, and the map by a strongly freely decomposable
map to conclude that such a map is weakly monotone.
Theorem 4.7. If Y is a continuum admitting an atomic map onto [0,1] and f : X → Y is a strongly freely decomposable map, then f
is weakly monotone.
Proof. Let g : Y → [0,1] be an atomic map. Suppose that f is not weakly monotone. Then there exist a subcontinuum
C of Y with IntY (C) = ∅ and a component Q of f −1(C) such that f (Q )  C . Since g is atomic, its ﬁbres are terminal
subcontinua [5, Theorem 3]. Note that the ﬁbres of g are nowhere dense [5, Corollary 3]. Thus, there exists y ∈ C \ f (Q ) such
that g(y) /∈ g( f (Q )). Let t ∈ [0,1] be such that t is in between g(y) and g( f (Q )). Without loss of generality, we assume
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y ∈ A \ B and f (Q ) ⊂ B \ A. Also, Y = (A ∪ C) ∪ B . Since f is strongly freely decomposable, f −1(A ∪ C) is a subcontinuum
of X , Q ⊂ f −1(A ∪ C) and Q ∩ f −1(A) = ∅. Let Q ′ be a subcontinuum of X such that Q  Q ′ ⊂ f −1(A ∪ C) \ f −1(A) [11,
5.5]. Thus, f (Q ′) ⊂ C , contradicting the fact that Q is a component of f −1(C). 
Corollary 4.8. If Y is a continuously irreducible continuum and f : X → Y is a strongly freely decomposable map, then f is weakly
monotone.
Proof. Let q : Y → [0,1] be the quotient map. By [10, Lemma 3.3], q is an atomic map. The corollary now follows from
Theorem 4.7 
The following example shows a strongly freely decomposable map f deﬁned onto a type λ continuum that is not
continuously irreducible such that f is not weakly monotone.
Example 4.9. Let L = {(x, y) ∈ R2 | y = ±(x+ 1) and − 1 x 0} and let X = L ∪ M , where M is the topologist sine curve.
Deﬁne the following relation:
(x, y) ∼ (x′, y′) if and only if (x, y) = (x′, y′) or ({(x, y), (x′, y′)}⊂ L and x = x′).
Observe that ∼ is an equivalence relation and induces an upper semicontinuous decomposition of X . Then Y = X/ ∼ is
a continuum. Let q : X → Y be the quotient map. Also, note that if J = M \ {(x, sin(1/x)) | 0 < x  1}, then Y /q( J ) is an
arc. Thus, Y is a type λ continuum. It is not diﬃcult to prove that q is strongly freely decomposable. Let C = {(x, y) ∈ R2 |
y = x + 1 and − 12  x 0} ∪ {(0, y) | 0 y  1}. Then IntY (q(C)) = ∅ and q−1(q(C)) has two components, namely, C and
D = {(x, y) ∈ R2 | y = −(x+ 1) and − 12  x 0}. Note that q(D) = q(C). Therefore, q is not weakly monotone.
Theorem 4.10. Let f : X → Y be a map between continua, where X is unicoherent and there is an atomic map from Y onto [0,1]. If
f is freely decomposable, then f is almost monotone.
Proof. Let D be a subcontinuum of Y such that IntY (D) = ∅. We prove that f −1(D) is connected. Let h : Y → [0,1] be an
atomic map. Then D = h−1([a,b]), for some nondegenerate subcontinuum [a,b] of [0,1] [5, Corollary 3].
Note that h ◦ f : X → [0,1] is a freely decomposable and conﬂuent map [6, Theorem 5]. Hence, h ◦ f is strongly freely
decomposable [6, Theorem 4]. If {0,1}∩[a,b] = ∅, then [0,1] = [a,b]∪Cl[0,1]([0,1]\ [a,b]) and (h◦ f )−1([a,b]) is connected.
Thus, f −1(h−1([a,b])) = f −1(D) and f −1(D) is connected. Assume that {0,1}∩ [a,b] = ∅. Then [0,1] = [0,b] ∪ [a,1], where
[0,b] and [a,1] are proper subcontinua of [0,1]. Hence, both (h ◦ f )−1([0,b]) and (h ◦ f )−1([a,1]) are connected. Observe
that X = (h ◦ f )−1([0,b]) ∪ (h ◦ f )−1([a,1]). Since X is unicoherent, (h ◦ f )−1([0,b]) ∩ (h ◦ f )−1([a,1]) = (h ◦ f )−1([a,b]) =
f −1(h−1([a,b])) = f −1(D) is connected. 
The following result is a consequence of Theorem 4.10 and [10, Lemma 3.3].
Corollary 4.11. Let f : X → Y be a map between continua, where X is unicoherent and Y is continuously irreducible. If f is freely
decomposable, then f is almost monotone.
Theorem 4 of [6] shows that if f is a freely decomposable and conﬂuent map, then f is strongly freely decomposable.
In the next theorem we strengthen this result changing conﬂuent for weakly monotone, its proof is very similar to the one
given in [6, Theorem 4], we include the details for the convenience of the reader.
Theorem 4.12. Let f : X → Y be a freely decomposable map between continua. If f is weakly monotone, then f is strongly freely
decomposable.
Proof. Let D and E be proper subcontinua of Y such that Y = D∪ E . We show that both f −1(D) and f −1(E) are connected.
Observe that D and E have nonempty interior. Since f is freely decomposable, there exist two subcontinua A and B of X
such that X = A∪ B , A ⊂ f −1(D) and B ⊂ f −1(E). Suppose that f −1(D) is not connected. Let A′ be a component of f −1(D)
such that A′ ∩ A = ∅. Note that A′ ⊂ B . Hence, f (A′) ⊂ E and f (A′) = D . Therefore, f is not weakly monotone. 
It is known that each freely decomposable map onto an arc is conﬂuent [6, Theorem 5]. The next example shows that
this theorem cannot be extended to freely decomposable maps onto an arc-like continuum.
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given by:
f (x, y) =
{
(x, y), if (x, y) ∈ M;
(0,−y − 2), if (0, y) ∈ I.
It is easy to see that f is strongly freely decomposable, M is an arc-like continuum and f is not conﬂuent.
Theorem 4.14. Let Y be a hereditarily unicoherent continuum. If Y contains a triod, then there exist a continuum X and a freely
decomposable map f : X → Y such that f is not conﬂuent.
Proof. Let L1, L2 and L3 be subcontinua of Y such that L1 ∪ L2 ∪ L3 is a triod. Let l1 ∈ L1 \ (L2 ∪ L3) and l2 ∈ L2 \ (L1 ∪ L3).
Let K be subcontinuum of Y which is irreducible between l1 and l2 [8, Theorem 1, p. 192].
Since Y is hereditarily unicoherent, K ⊂ L1 ∪ L2 and K ∩ L3 = ∅. Let K ′ be a copy of K and let h : K ′ → K be a homeo-
morphism. Denote h|{l1,l2} by h′ . Let X = Y ∪h′ K ′ be the adjunction space obtained when Y has been attached to K ′ by h′ .
Note that X is a continuum. Let f : X → Y be given by:
f (x) =
{
x, if x ∈ Y ;
h(x), if x ∈ K ′.
Since L3 ∩ (K \ {l1, l2}) = ∅, f −1(L3) has a component D in K ′ and clearly, f (D) = L3. Thus, f is not conﬂuent.
We show that f is freely decomposable. Let Y1 and Y2 be two proper subcontinua of Y such that Y = Y1 ∪ Y2. If
{l1, l2} ⊂ Y1, then K ⊂ Y1. Hence, f −1(Y1) is connected and K ′ ⊂ f −1(Y1). Let Y ′2 be the copy of Y2 in X . Then X =
f −1(Y1) ∪ Y ′2, where f ( f −1(Y1)) = Y1 and f (Y ′2) = Y2. Next, assume, without loss of generality, that l1 ∈ Y1 \ Y2 and
l2 ∈ Y2 \ Y1. Let Y ′1 and Y ′2 be the copies of Y1 and Y2 in X , respectively. It is not diﬃcult to check that f −1(Y1) =
Y ′1 ∪ h−1(Y1 ∩ K ) and f −1(Y2) = Y ′2 ∪ h−1(Y2 ∩ K ); also both f −1(Y1) and f −1(Y2) are connected. Therefore, f is a freely
decomposable map. 
Corollary 4.15. Let Y be a dendroid. Then Y is an arc if and only if every freely decomposable map onto Y is conﬂuent.
Proof. If Y is an arc, then, by [6, Theorem 5], each freely decomposable map onto Y is conﬂuent.
Suppose Y is a dendroid. Since Y is hereditarily unicoherent, Y does not contain a triod, by Theorem 4.14. Thus, Y is
irreducible, by [11, 11.34]. Since Y is arcwise connected, Y is an arc. 
Theorem 4.16. If Y is a decomposable continuum, then there exist a continuum X and a surjective map f : X → Y such that f is not
freely decomposable.
Proof. Let A and B be proper subcontinua of Y such that Y = A ∪ B . Let a ∈ A \ B . In the cartesian product Y × [0,1],
let X = (Y × {0,1}) ∪ ({a} × [0,1]). Then X is a continuum. Let f : X → Y be the natural map given by f (y, t) = y, for
each (y, t) ∈ X . We show that f is not freely decomposable. Suppose that there exist two subcontinua D and E of X such
that X = D ∪ E , f (D) ⊂ A and f (E) ⊂ B . Let b ∈ B \ A. Then there exists an open subset W of Y such that b ∈ W and
W ∩ A = ∅. Note that both W × {0} and W × {1} are open subsets of X . Since W ∩ A = ∅ and f (D) ⊂ A, we have that
(W × {0}) ∪ (W × {1}) ⊂ E . Since E is connected, {a} × [0,1] ⊂ E . But this contradicts the fact that f (E) ⊂ B and a ∈ A \ B .
Therefore, f is not freely decomposable. 
As a consequence of Theorem 4.16, Remark 2.2 and [3, Theorem 3], we have:
Corollary 4.17. Let Y be a continuum. Then the following are equivalent:
1. Y is indecomposable;
2. every map from a continuum onto Y is freely decomposable;
3. every map from a continuum onto Y is strongly freely decomposable.
Corollary 4.18. Let Y be a continuum. Then the following are equivalent:
1. Y is hereditarily indecomposable;
2. every map from a continuum onto Y is hereditarily freely decomposable;
3. every map from a continuum onto Y is hereditarily strongly freely decomposable.
Proof. Suppose that Y is hereditarily indecomposable. Let f : X → Y be an onto map. Let K be a subcontinuum of X . Then,
by Remark 2.2, f |K is freely decomposable. Therefore, f is hereditarily freely decomposable.
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the argument done in the proof of Theorem 4.16, it is not diﬃcult to construct a continuum X , a subcontinuum R of X and
an onto map f : X → Y such that f |R : R → L is not freely decomposable.
The equivalence between 1 and 3 is proved in a similar way, using [3, Proposition 2] instead of Theorem 4.16. 
5. Hereditarily freely decomposable maps
We prove that hereditarily freely decomposable maps deﬁned onto locally connected and onto hereditarily decomposable
continua are monotone, Theorems 5.2 and 5.4, respectively.
We begin with an example showing a map that is hereditarily freely decomposable that is not strongly freely decompos-
able.
Example 5.1. There exists a hereditarily freely decomposable map f onto a decomposable continuum such that f is not
strongly freely decomposable. To show this, let Z1 and Z2 be hereditarily indecomposable continua. Let Y = Z1 ∪ Z2 be
such that Z1 ∩ Z2 = {p}. Let z1 ∈ Z1 \ {p} be such that z1 and p belong to different composants of Z1. In Y × [0,1],
deﬁne X = (Y × {0}) ∪ ({z1} × [0,1]) ∪ (Z1 × {1}). Let f : X → Y be the map deﬁned by f (y, t) = y, for each (y, t) ∈ X .
Note that if Y = Z1 ∪ Z2, then f −1(Z2) is not connected. Hence, f is not strongly freely decomposable. To see that f is
hereditarily freely decomposable, let K be a subcontinuum of X . If either f (K ) ⊂ Z1 or f (K ) ⊂ Z2, then f (K ) is either a
point or an indecomposable continuum. Thus, f |K : K → f (K ) is freely decomposable Remark 2.2. Furthermore, if either
of the following happens: (1) z1 /∈ f (K ), (2) K ⊂ Z1 × {1}, or (3) K ⊂ Y × {0}, then f |K : K → f (K ) is a homeomorphism.
Assume that f (K ) intersects both Z1 \ {p} and Z2 \ {p}, and ({z1} × (0,1)) ∩ K = ∅. Since Z1 is indecomposable and z1
and p belong to different composants of Z1, we have that Z1 ⊂ f (K ). Let R1 and R2 be proper subcontinua of f (K ) such
that f (K ) = R1 ∪ R2. Since Z1 and Z2 are hereditarily indecomposable continua, without loss of generality, we assume that
Z1 ⊂ R1 and f (K ) ∩ Z2 ⊂ R2. Let K1 = K ∩ ((Z1 × {0,1}) ∪ ({z1} × [0,1])) and let K2 = K ∩ (Z2 × {0}). Then K1 and K2
are subcontinua of K and K = K1 ∪ K2. Also, f (K1) ⊂ R1 and f (K2) ⊂ R2. Therefore, f |K is freely decomposable, and f is
hereditarily freely decomposable.
Theorem 5.2. Let X and Y be continua and let f : X → Y be a hereditarily freely decomposable map. If Y is locally connected, then f
is monotone.
Proof. Suppose that f is not monotone. Then there exists a point y of Y such that f −1(y) is not connected. Since Y is
locally connected, by Corollary 3.4, there exists a connected open subset W of Y such that y ∈ W , Y \ W has ﬁnitely many
components, say Y1, . . . , Yk , and with the property that if K is a subcontinuum of X and f −1(W ) ⊂ K , then ClY (W )  f (K ).
Let Y ′1 = ClY (W ) ∪
⋃k
j=2 Y j . Then Y ′1 is a continuum [8, Theorem 4, p. 133]. Note that Y = Y1 ∪ Y ′1. Since f is freely
decomposable, there exist two subcontinua X1 and X ′1 of X such that X = X1 ∪ X ′1, f (X1) ⊂ Y1 and f (X ′1) ⊂ Y ′1. Since
(W ∪⋃kj=2 Y j) ∩ Y1 = ∅, f −1(W ∪⋃kj=2 Y j) ⊂ X ′1. Hence, (W ∪⋃kj=2 Y j) ⊂ f (X ′1). Therefore, f (X ′1) = Y ′1.
Let f1 = f |X ′1 . Since f is hereditarily freely decomposable, f1 is freely decomposable. Let Y ′2 = ClY (W ) ∪
⋃k
j=3 Y j . Then
Y ′2 is a continuum [8, Theorem 4, p. 133] and Y ′1 = Y2 ∪ Y ′2. Since f1 is freely decomposable, there exist two subcontinua X2
and X ′2 of X ′1 such that X ′1 = X2 ∪ X ′2, f (X2) ⊂ Y2 and f (X ′2) ⊂ Y ′2. Since (W ∪
⋃k
j=3 Y j)∩ Y2 = ∅, f −1(W ∪
⋃k
j=3 Y j) ⊂ X ′2.
Hence, (W ∪⋃kj=3 Y j) ⊂ f (X ′2). Therefore, f (X ′2) = Y ′2. Note that f −11 (W ) = f −1(W ) ⊂ X ′2. Let f2 = f1|X ′2 = f |X ′2 .
Repeating this process k − 1 times, we have a subcontinuum X ′k−1 of X and a map fk−1 : X ′k−1 → Y ′k−1, where Y ′k−1 =
ClY (W ) ∪ Yk . By hypothesis, fk−1 is freely decomposable. Thus, there exist two subcontinua Xk and X ′k of X ′k−1 such that
X ′k−1 = Xk ∪ X ′k , fk−1(Xk) ⊂ Yk and fk−1(X ′k) ⊂ Yk . Since W ∩ Yk = ∅, f −1k−1(W ) ⊂ X ′k . Therefore, ClY (W ) = f (X ′k). By our
construction, f −1k−1(W ) = f −1k−2(W ) = · · · = f −11 (W ) = f −1(W ). Hence, f −1(W ) ⊂ X ′k . By our choice of W , we have that
ClY (W )  f (X ′k), a contradiction to the fact that these sets are equal. Therefore, f is monotone. 
Lemma 5.3. Let X and Y be continua and let f : X → Y be a hereditarily freely decomposable map. If Y is hereditarily decomposable,
then X is hereditarily decomposable.
Proof. Suppose X contains an indecomposable continuum Z . Since f is hereditarily freely decomposable, f |Z : Z → f (Z) is
freely decomposable. Hence, by [6, Theorem 12], f (Z) is indecomposable, a contradiction to the fact that Y is hereditarily
decomposable. Therefore, X is hereditarily decomposable. 
Theorem 5.4. Let X and Y be continua and let f : X → Y be a hereditarily freely decomposable map. If Y is hereditarily decomposable,
then f is monotone.
Proof. Suppose that f is not monotone. Then there exists a point y ∈ Y such that f −1(y) is not connected. Thus, there
exist two compact and nonempty subsets X1 and X2 of X such that f −1(y) = X1 ∪ X2 and X1 ∩ X2 = ∅.
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decomposable. Thus, L is a type λ continuum [12, Theorem 10, p. 15]. Let ϕ : L → [0,1] be the monotone map, such that
{ϕ−1(t) | t ∈ [0,1]} is the minimal admissible decomposition of L [12, Theorem 6, p. 10]. Note that ϕ−1(0) ∪ ϕ−1(1) ⊂
f −1(y). Given n ∈ N, let
Mn = ϕ−1
([
0,
1
n
])
∪ ϕ−1
([
1− 1
n
,1
])
and
Nn = ϕ−1
([
1
n
,1− 1
n
])
.
Note that L = Mn ∪ Nn and f (L) = f (Mn) ∪ f (Nn), where f (Mn) and f (Nn) are subcontinua of f (L) and y /∈ f (Nn) for
any n ∈ N. Since f is a continuous function and limn→∞ Mn = ϕ−1(0) ∪ ϕ−1(1), we have that there exists k ∈ N such that
f (Mk) is a proper subcontinuum of f (L). Thus, f (L) = f (Mk) ∪ f (Nk), where f (Mk) and f (Nk) are proper subcontinua of
f (L). Since f |L is freely decomposable, there exist two subcontinua L1 and L2 of L such that L = L1 ∪ L2, f (L1) ⊂ f (Mk)
and f (L2) ⊂ f (Nk). Since y /∈ f (Nk), (X1 ∩ L) ∪ (X2 ∩ L) ⊂ L1. But L is irreducible between X1 and X2; hence, L = L1 and
f (L1) = f (L). Thus, we contradict the fact that f (Mk) is a proper subcontinuum of f (L) because f (L1) ⊂ f (Mk). Therefore,
f is monotone. 
Corollary 5.5. Let X and Y be continua and let f : X → Y be a hereditarily freely decomposable map. If Y is hereditarily decomposable,
then the following hold:
1. f is monotone;
2. f is strongly freely decomposable;
3. f is hereditarily monotone;
4. f is hereditarily strongly freely decomposable;
5. f (L) is irreducible, for each irreducible subcontinuum L of X.
Proof. By Theorem 5.4, f is monotone. Since every monotone map is strongly freely decomposable, f is strongly freely
decomposable.
Let A be a subcontinuum of X . Note that f |A : A → f (A) is hereditarily freely decomposable, where f (A) is hereditarily
decomposable. Thus, f |A is monotone by Theorem 5.4. Therefore, f is hereditarily monotone.
By 3, f is hereditarily monotone. Again, since every monotone map is strongly freely decomposable, f is hereditarily
strongly freely decomposable.
Finally, let L be an irreducible subcontinuum of X . By 3, f |L is strongly freely decomposable. Therefore, f (L) is irre-
ducible [6, Theorem 14]. 
The following example gives a hereditarily monotone map onto a hereditarily locally connected continuum that is not
atomic. Hence, neither Theorem 5.2 nor Theorem 5.4 can be strengthened to obtain an atomic map.
Example 5.6. Let X be the harmonic comb deﬁned as follows:
X = {(0, t) ∈ R2 ∣∣ 0 t  1}∪
( ∞⋃
n=1
{(
1
n
, t
)
∈ R2
∣∣∣ 0 t  1}
)
∪ {(s,0) ∈ R2 ∣∣ 0 s 1},
let
Y = X/({(0, t) ∈ R2 ∣∣ 0 t  1}∪ {(s,0) ∈ R2 ∣∣ 0 s 1}),
and let f : X → Y be the quotient map. Then Y is locally connected (in fact, Y is homeomorphic to the dendrite known
as Fω), f is hereditarily monotone, but f is not atomic.
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